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Abstract
Using mean-field hydrodynamic models of the solar angular momentum bal-
ance we show that the non-monotonic latitudinal dependence of the radial
angular momentum fluxes caused by Λ-effect can affect the number of the
meridional circulation cells stacking in radial direction in the solar convec-
tion zone. In particular, our results show the possibility of a complicated
triple-cell meridional circulation structure. This pattern consists of two large
counterclockwise circulation cells (the N-hemisphere) and a smaller clockwise
cell located at low latitudes at the bottom of the convection zone.
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1. Introduction
The mean-field models have been successful in explaining basic proper-
ties of the differential rotation of the Sun and solar-like stars, e.g., Küker
& Rüdiger (2005) and Kitchatinov & Olemskoy (2011). These models pre-
dicted dependence of the the surface latitudinal shear on the rotation rate
and the spectral class for a set of low-main-sequence solar-like stars with
external convection zone, (Kitchatinov & Rüdiger, 1999). However, recent
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findings from analysis of the supergranulation dynamics on the Sun (Hath-
away, 2012) and helioseismology inversions (Zhao et al., 2013; Kholikov et al.,
2014) put in question the results of the mean-field models predicting a single-
cell meridional circulation structure of the solar convection zone. Global 3D
simulations of the flows in the solar convection zone also show the multiple-
cell structure of the meridional circulation (Käpylä et al., 2011; Miesch et al.,
2011; Guerrero et al., 2013).
In this note we show that the double-cell meridional circulation structure
can be compatible with the solar-like rotation law in the framework of the
mean-field theory. The Λ-effect is one of the key ingredient of the mean-
field models of solar differential rotation It is caused by effect of the Coriolis
forces on convective flows the stratified rotating convection zones (Kichatinov
& Rudiger, 1993). The Λ-effect produces non-disspative angular momentum
fluxes. Therefore the spatial structure of the Λ-effect determine the spatial
structure of the global flows in the stellar convection zone. For example,
the latitudinal dependence of the Λ-effect determines the radial profile of the
angular velocity distribution (Kichatinov & Rudiger, 1993). Here, we study
how it affects the structure of the meridional circulation. The study is carried
out using the standard mean-field models of the angular momentum balance
and heat transport in the solar convection zone.
2. Basic equations
The reference internal thermodynamic structure of the Sun is calculated
using the MESA stellar evolution code (version r7623) (Paxton et al., 2011,
2013). The model is calculated using the mixing length parameter αMLT =
`
Hp
= 2, where Hp is the pressure scale.
2.1. Heat transport
Following to Kitchatinov & Rüdiger (1999), effects of rotation on the
thermal balance are calculated from the mean-field heat transport equation,
ρT
∂s
∂t
+ ρT
(
U ·∇) s = −∇ · (Fconv + Frad) , (1)
where U is axisymmetric mean flow. We employ the expression for the
anisotropic convective flux suggested by Kichatinov et al. (1994),
F convi = ρTχij∇js, (2)
2
where the heat conductivity tensor χij reads
χij = χT
(
φ (Ω∗) + cχφ‖ (Ω∗)
ΩiΩj
Ω2
)
.
Functions φ, φ‖ are defined in the above cited paper. The effect of the global
rotation on the heat transport depends on the Coriolis number Ω∗ = 2τcΩ0,
where τc is the turn-over time of convective flow. Following to Kitchatinov
& Olemskoy (2011) we assume cχ = 1.5. If we neglect rotation (Ω∗ → 0), the
heat conductivity tensor reduces to the standard form χij =
1
3
δijτcu
′2, where
u′ is the RMS convective velocity, which is determined from the mixing-length
relation
u′2 = −`
2g
4cp
∂s
∂r
.
Thus, the turbulent heat conductivity is
χT = −τc`
2g
12cp
∂s
∂r
, (3)
The radiative heat transport is:,
Frad = −cpρχD∇T,
where
χD =
16σT
3
3κρ2cp
,
where κ is the opacity coefficient. The radial profiles of the gravity accel-
eration, g, the density, ρ, the temperature, T , as well as others parameters:
cp, κ , τc and ` are estimated from MESA code. The integration domain
of the mean-field model is from ri = 0.715R to re = 0.99R. At the inner
boundary the energy flux in radial direction is F convr +F radr =
L (ri)
4pir2i
, and at
the outer boundary, following to Kitchatinov & Olemskoy (2011), we apply:
Fr =
L
4pir2e
(
1 +
(
s
cp
)4)
.
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2.2. Angular momentum balance
The heat transport equation is coupled to equations for the angular mo-
mentum balance. This balance is governed by the conservation of the an-
gular momentum (Ruediger, 1989). In the spherical coordinate system it is
expressed as follows:
∂
∂t
ρr2 sin2 θΩ = −∇·
(
ρr sin θ
(
Tˆφ + r sin θΩU
m
))
, (4)
where the mean flow satisfies the continuity equation,
∇ · ρU = 0, (5)
whereU = Um+r sin θΩφˆ and φˆ is the unit vector in the azimuthal direction.
The equation for the azimuthal component of the vorticity of the large-scale
flow, ω =
(∇×Um)
φ
, is
∂ω
∂t
= −
[
∇× 1
ρ
∇· ρTˆ
]
φ
+ r sin θ
∂Ω2
∂z
+
1
ρ2
[∇ρ×∇p]φ , (6)
where ∂/∂z = cos θ∂/∂r− sin θ/r · ∂/∂θ is the gradient along the axis of ro-
tation, Tˆ is the turbulent part of the stresses, which is determined from the
mean-field hydrodynamics theory (see, Kichatinov & Rudiger, 1993; Kichati-
nov et al., 1994) as follows
Tˆij = 〈uiuj〉 , (7)
where u is fluctuating velocity. The first term in the RHS of the Eq.(6)
describes dissipation of the mean vorticity, ω. Similarily to Rempel (2005)
we approximate it as follows,
−
[
∇× 1
ρ
∇· ρTˆ
]
φ
≈ νTφ1∇2ω, (8)
where νT =
4
5
χT , and the function φ1 (Ω∗) takes into account effects of ro-
tation on the turbulent viscosity (Kichatinov et al., 1994). For the ideal
gas the last term in Eq.(6) can be rewritten in terms of the specific entropy
(Kitchatinov & Rüdiger, 1999),
1
ρ2
[∇ρ×∇p]φ ≈ −
g
rcp
∂s
∂θ
. (9)
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The meridional circulation velocity Um is expressed via stream function Ψ :
U
m
=
1
ρ
∇×Ψ, and,
− ρω =
(
∆− 1
r2 sin2 θ
)
Ψ− 1
rρ
∂ρ
∂r
∂rΨ
∂r
. (10)
We employ the stress-free boundary conditions for Eq.(4), the azimuthal
component of the mean vorticity, ω, is put to zero at the boundaries.
The turbulent angular momentum flux is (Kitchatinov & Rüdiger, 1999):
Trφ = νT
{
ψ⊥ +
(
ψ‖ − ψ⊥
)
µ2
}
r
∂ sin θΩ
∂r
+ νT sin θ
(
ψ‖ − ψ⊥
) (
1− µ2) ∂Ω
∂µ
(11)
− νT sin θΩ
(
`
Hρ
)2 (
V (0) + sin2 θV (1)
)
,
Tθφ = νT sin
2 θ
{
ψ⊥ +
(
ψ‖ − ψ⊥
)
sin2 θ
} ∂Ω
∂µ
+ νT
(
ψ‖ − ψ⊥
)
µ sin2 θr
∂Ω
∂r
(12)
− νTµΩ sin2 θ
(
`
Hρ
)
2H(1),
where νT = PrTχT , µ = cos θ. The mean-field theory gives the turbulent
Prandtl number PrT = 45 (Kichatinov et al., 1994), but we consider PrT as a
free parameter. The viscosity functions: ψ‖, ψ⊥, and the Λ- effect parameters
V (0,1) and H(0,1) depend on the Coriolis number and anisotropy parameters.
In this paper we assume that V (1) = V (1)0 (1 − af(r)), where V (1)0 = 0.1
is suggested by Kichatinov & Rudiger (1993) for the case of the fast rota-
tion, Ω∗  1. The adhoc function f(r) models the subsurface rotational
shear layer and a is the anisotropy parameter. Calculations of Kitchatinov
& Ruediger (2005) suggest that the effect of the prescribed anisotropy of
convective flows on the non-disspative angular momentum flux is strongly
reduced in the deep layers of the Sun. We model this as follows
f(r) =
1
2
(
1− erf
(
50
(
xs − r
R
)))
(13)
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Table 1: Parameters of the models
Model cΛ PrT
M1 0.9 1/3
M2 5/6 1/2
M3 3/4 1/2
This equation shows that the anisotropy effect, which is controlled by pa-
rameter a, is restricted to external layer of the convection zone, i.e., the layer
that is above of the xs = 0.95R. The other components of the Λ effect are
parametrized as follows
V (0) = −V (1)0 cΛ, (14)
and H(1) = V (1).
Let’s summarize the basic assumptions of our model. The reference ther-
modynamic structure of the solar convection zone is computed from the stel-
lar evolution code (MESA, r7623) for the non-rotating Sun of age 4.6Gyr.
Eq(1) governs deviations of the entropy distribution from the reference state
due to global flows. The global flows are determined from the angular mo-
mentum balance, taking into account of sources of the meridional circulation
due to imbalance of the centrifugal and baroclinic forces. The Taylor number
in the model determines the strength of the centrifugal forces,
Ta =
4Ω20R
4

ν2T
, (15)
For the theoretical turbulent Prandtl number, PrT = 45 , the magnitude of
the eddy diffusivity is νT ≈ 1013cm2/s, and Ta ∼ 8 · 106 . Using parameters
V
(1)
0 = 0.1, cΛ = 0.9 and a = 1.35 the model reproduces the angular velocity
distribution in agreement with solar observation, and predicts the one-cell
meridional circulation structure. Parameters of the model which we use in
the numerical experiments are listed in the Table 1
3. Results
Figure 1 and 2 illustrate the distribution of the turbulent parameters
and the angular velocity for model M1. The angular velocity profile is in
agreement with the helioseismology results of Howe et al. (2011). The model
shows one counterclockwise circulation cell in the Northern hemisphere with
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Figure 1: Convection zone properties from the MESA solar model: a) the convective
turnover time, τc and the turbulent diffusivity parameter (red line), isotropic eddy vis-
cosity is shown by blue line; b) the angular velocity profile of model M1 in the Northern
hemisphere; c) the radial profile of the angular velocity for the different latitudes.
the amplitude of the flow velocity about 10 m/s at the surface and at the
bottom of the convection zone. This model is in agreement with results of
Kitchatinov & Olemskoy (2011).
In model M2 parameter cΛ is smaller than in model M1. The increase of
the inward angular momentum flux due to the decrease of cΛ redistributes
of the non-dissipative angular momentum fluxes. This results in an increase
of the latitudinal shear. To compensate this effect we increase the Prandtl
number from 1/3 to 1/2 (see, Table 1). The resulted pattern of the meridional
flow has a triple-cell structure shown in Figure 3. This pattern consists of the
two large counterclockwise circulation cells and a small clockwise cell located
at low latitude at the bottom of the convection zone. The upper equatorial
circulation cell has a stagnation point at the r = 0.86R.
Further increase of the inward angular momentum flux (via parameter cΛ)
results in amplification of the near equatorial clockwise circulation cell. This
is illustrated by model M3 (Figure 4). This model has a slightly stronger
latitudinal shear at the surface than model M1. The amplitude of the merid-
ional flows in model M3 is larger than in M2. The flow speed reaches about
18 m/s at the surface and about 5 m/s at the bottom of the convection zone.
Model M3 qualitatively preserves the angular velocity profile of model M1.
4. Discussion and conclusions
We investigated the mean-field models of the solar differential rotation
using a simple description of the turbulent Λ-effect. Our goal was to study
how the distributions of the non-dissipative angular momentum fluxes affects
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Figure 2: Model M1. a) Streamlines of the meridional flow ( stream function Ψ) shows
a single-cell counterclockwise circulation pattern for the Northern hemisphere; b) velocity
of the latitudinal component of the meridional flow for different radii.
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Figure 3: Model M2: a) the radial profiles of the angular velocity for different latitudes.
The red color shows results for model M1 for comparison; b) the stream function distribu-
tion, the dashed lines show the counterclockwise circulation and the solid lines show the
opposite circulation; c) velocity of the latitudinal component of the meridional flow for
different radii.
8
0.0 0.2 0.4 0.6 0.8 1.0
r / R⊙
0.0
0.2
0.4
0.6
0.8
1.0
r
/
R
⊙
50 0 50
LATITUDE
20
15
10
5
0
5
10
15
20
M
/S
0.715R
0.99R
0.9R
0.70 0.75 0.80 0.85 0.90 0.95 1.00
RADIUS
340
360
380
400
420
440
460
480
µ
H
z
=0
=30
=45
=60
a) b) c)
Figure 4: The same as in Figure 3 for the model M3.
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Figure 5: The Reynolds stresses Trφ (background color) and Tθφ (contours, in the same
range as Trφ), for models: a) M1; b) M2 ;c) M3.
the meridional circulation structure in the solar convection zone. The study
is motivated by the recent findings of helioseismology showing the existence
of a double-cell meridional circulation pattern (Zhao et al., 2013), and also
results of the global 3D numerical simulations which often demonstrate that
circulation structure can be multicellular (see, e.g., Käpylä et al. (2011);
Miesch et al. (2011); Guerrero et al. (2013).
Inspecting Eqs.(11,14) we see that the transport of angular momentum
due to the turbulent Λ- effect changes from outward to inward near the equa-
tor. The near equatorial inward flux is minimal in model M1 and it grows
with the decrease of parameter cΛ. The non-monotonic spatial dependence
of the angular momentum fluxes, and the extent of the near-equatorial re-
gion occupied by the inward non-dissipative angular momentum flux provides
conditions for destabilization of the Taylor-Praudman balance, which results
to the increasing complexity of the meridional circulation pattern.
Figure 5 illustrates the Reynolds stresses Trφ and Tθφ for our set of models.
In model M3, characterized by a triple-cell circulation pattern, the outward
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turbulent angular momentum fluxes are concentrated close to the surface
in the mid-latitude of the solar convection zone. Also, in model M3 the
amplitude of the inward flux near the equator is about factor three larger
than in model M1. The turbulent Reynolds stress tensor component Trφ is
symmetric about the equator and Tθφ is anti-symmetric. Figure 5c (model
M3) shows a similarity with the global 3D simulations results presented by
Käpylä et al. (2011) (see Figures 4,5 for run A6 in their paper). Thus the
origin of the multicellular merdional circulation pattern in their model can be
explained by the latitudinal variations of the Λ-effect. This question should
be studied further.
The rotation profiles in all three models are qualitatively similar, while
model M1 is, probably, in the best agreement with the results of helioseismol-
ogy inversions of Howe et al. (2011)m models M2 and M3 also have the radial
profile of the angular velocity in qualitative agreement with helioseismology.
Thus, we conclude that the multicellular meridional circulation structure can
be explained by the mean-field models. However our models do not include
the solar tachocline. From the results of Kitchatinov & Olemskoy (2011), we
can guess that inclusion of the tachocline may affect the Taylor-Paudman
balance near the bottom of the convection zone and change the magnitude
of the meridonal circulation.
The turbulent part of the angular momentum transport is not well under-
stood. The mean-field theory of the Λ-effect (Kichatinov & Rudiger, 1993)
has some issues that are rarely discussed in the literature. The theory is
constructed for forced isothermal turbulence rather than for turbulent con-
vection. Calculation of Kleeorin & Rogachevskii (2006) show that the Λ-effect
functions V (0) and V (1) may have dependence on the Coriolis number that
is different from the results of Kichatinov & Rudiger (1993). Thus, theoret-
ically, there is some uncertainty in the description of the turbulent angular
momentum fluxes in rotating stellar convection zones. These uncertainties
should be resolved using the global 3D numerical simulation and assimillation
of the observational data in theoretical models.
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